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Abstract
GCD ( Symbolic-Numeric Algo-
rithms for Polynomials) Mathematica Maple (CAS)
1 Introduction
2004
2006 Mathematica SNAP(Symbolic Numeric Algebra for
Polynomials)$\rfloor$ 1) (
SNAP )
. ( $\mathbb{R},$ $\mathbb{C}$)
- ( )
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zz-p integers mod “single precision“ $p$
ZZX univariate polynomials over ZZ
zz$-pX$ univariate polynomials over zz-p
$ZZ_{-}pE$ $ring/field$ extension over ZZ-p
$GF2E$ $ring/field$ extension over GF2
zz-pEX univariate polynomials over zz$-pE$
ZZ-p big integers modulo $p$
GF2 integers $mod 2$
ZZ$-pX$ univariate polynomials over ZZ-p
GF$2X$ univariate polynomials over GF2
$zz_{-}pb^{\tau}$ $ring/field$ extension over zz-p
ZZ-pEX univariate polynomials over $ZZ_{-}pE$
GF$2EX$ univariate polynomials over GF$2E$
1:NTL
GCD
ZZX: $Z[x]$ class ZZX {
NTL/ZZX.h Class public:
NTL vec-ZZ rep;






int $deg$ ; $/*$ starting polynomial degree $*/$
char data-type [3]; $/*$ polynomial data type $*/$
long int prec-in; $/*$ number of digits of input precision $*/$
int $n$ ; $/*$ degree $*/$
boolean $*$ spar; $/*$ sparsity structure of the polynomial $*/$
double $*fpr$ ; $/*$ standard real coefficients $*/$
cplx-t $*fpc$ ; $/*$ standard complex coefficients $*/$
rdpe-t $*dpr$ ; $/*$ dpe real coefficients $*/$
cdpe-t $*dpc$ ; $/*$ dpe complex coefficients $*/$








$/*$ imaginary part of integer input coefs $*/$
$/*$ real part of rational input coeff. $*/$
$/*$ imaginary part of rational input coefs $*/$
$/*$ multiprecision real coefficients $*/$













Microsoft Visual C$++$ Intel MKL(Math Kernel Library)
Linux GCC $C$ GMP
Intel MKL VC$++$ GMP
3 (1) GMP, BLAS, LAPACK
(2)














Microsoft Visual C$++$ Intel MKL GMP
mpq-t Intel MKL $mpq-t$
typedef struct { void mpq-add(mpq-t, mpq-t, mpq-t);
$–mpz_{-}$ struct num; void mpq-sub(mpq-t, mpq-t, mpq-t);
$–mpz_{-}$struct den; void mpq-mul(mpq-t, mpq-t, mpq-t);
$\}$ mpq-struct; void mpq-div(mpq-t, mpq-t, mpq-t);
typedef mpq-struct mpq-t [1]; void mpq-neg(mpq-t, mpq-t);
void mpq-abs(mpq-t, mpq-t);
void mpq-init(mpq-t); void mpq-inv(mpq-t, mpq-t);
void mpq-clear(mpq-t); double mpq-get-d(mpq-t);
void mpq-set(mpq-t, mpz-t, mpz-t); int mpq-cmp(mpq-t, mpq-t);
void $mpq_{-}set_{-}si$ ( $mpq_{-}t$ , signed long int, unsigned long int);


















1 (Approximate GCD Over Integers)
Let $f(\vec{x})$ and $g(\vec{x})$ be Polynomials in variables $\vec{x}=x_{1},$ $\ldots,$ $x_{\ell}$ over $Z$ , and let $\epsilon$ be a small positive integer.
If they satisfy $f(\vec{x})=t(\vec{x})h(\vec{x})+\Delta_{f}(\vec{x}),$ $g(\vec{x})=s(\vec{x})h(\vec{x})+\Delta_{g}(\vec{x})$ an$d \epsilon=\max\{\Vert\Delta_{f}\Vert, \Vert\Delta_{g}\Vert\}$ for $some$
polynomials $\Delta_{f},$ $\Delta_{g}\in Z[x\urcorner$ , then we say that the above polynom$ialh(\vec{x})$ is an approximate $GCD$ over
integers. We also say that $t(\vec{x})$ and $s(\vec{x})$ are approximate cofactors over integers, and we say that
their tolerance is $\epsilon$ . ( $\Vert p\Vert$ denotes a suita$ble$ norm of $p(\vec{x}).$ ) $\triangleleft$
GCD
makeH makeL, GCD candidate-cofactors
candidate-gcds, 2 huth-bound
2 (Knuth’s bound)
$f,g,$ $h\in \mathbb{C}[x_{1}, \ldots,x_{t}]$ $f=gh$ $m_{i}=\deg_{x_{i}}g,$ $k_{i}=\deg_{x_{i}}h$
$\Vert g\Vert_{2}\Vert h\Vert_{2}\leq(\phi(m_{1}, k_{1})\cdots\phi(m_{t}, k_{t}))^{1/2}\Vert f\Vert_{2}$ , $\phi(m, k)={}_{2m}C_{m}\cross {}_{2k}C_{k}$
$\Vert g\Vert_{2}\Vert h\Vert_{2}\leq 2^{\deg_{x_{1}}f+\cdots+dcgx_{t}f}\Vert f\Vert_{2}$
$\triangleleft$
GCD Gelfond’sbound /
Knuth’s bound Exercise 21, Section 4.6.2
(Factorization of Polynomials)
Gelfond. Donald E. Knuth. The Art of Computer Programming. Volume 2 /Seminumerical Algorithms.
SECOND EDITION.
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GCD
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Mathematica
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